We show that at sufficiently large chemical potential SU (N ) lattice gauge theories in the strong coupling limit with staggered fermions are in a chirally symmetric phase. The proof employs a polymer cluster expansion which exploits the anisotropy between timelike and spacelike directions in the presence of a quark chemical potential µ. The expansion is shown to converge in the infinite volume limit at any temperature for sufficiently large µ. All expectations of chirally non-invariant local fermion operators vanish identically, or, equivalently, their correlations cluster exponentially, within the expansion. The expansion itself may serve as a computational tool at large µ and strong coupling. 
Introduction
Elucidating the rich structure of the QCD phase diagram, and more generally that of SU (N c ) gauge theories, as a function of temperature and finite density continues to present a conceptual and technical challenge. A major obstacle in this endeavor has been the inability to perform lattice gauge theory ab initio simulations by standard Monte Carlo methods since the fermion determinant becomes complex in the presence of finite baryon chemical potential, the infamous "sign problem". Significant progress has been made in recent years in overcoming some of these problems by a combination of numerical simulations, mostly for small chemical potential, analytical techniques and investigation of model systems (see [1] [2] for review). Despite such progress, however, away from the region along the temperature axis the QCD phase diagram remains, for the most part, conjectural. In the absence of results established from first principles by simulations it is important to attempt to obtain any first principle results by other means.
In this paper we consider SU (N c ) lattice gauge theory with N f flavors of massless staggered fermions in the strong coupling limit at temperature T and quark chemical potential µ. The theory has been investigated in the literature, in particular for the cases of SU (2) and SU (3) with N f = 1, using a variety of approaches. Integrating out the gauge field at strong coupling leads to a representation of the partition function in terms of monomers, dimers and baryon loops [3] , or monomers, dimers and polymers [4] , [5] . In this representation the sign problem is partly evaded allowing simulations. In such simulations in the case of N c = 3 [4] a clear sign of a chiral symmetry restoring first order transition was found at some critical µ. Similarly, for N c = 2, restoration of chiral symmetry at large µ and/or T was seen in [5] . More recently, the two-color (N c = 2), N f = 1 case was investigated in [6] using the dimer-baryon loop representation with a new updating algorithm [7] . A second order transition to a chirally symmetric phase at some critical µ was seen in good agreement with mean field predictions. In the case of N c = 3 such improved simulations were carried out in [8] . Another line of investigations follows a mean field approach. In [9] , [10] , [11] an effective action was obtained by performing a 1/d expansion in the spatial directions and retaining only the leading terms, while leaving the timelike directions intact. Introducing auxiliary bosonization sources for condensates of interest, and finally integrating out the fermion and timelike gauge fields, treating condensates in a mean field approximation, leads to an effective action which allows a detailed study of the phase diagram in T , µ and quark mass m. This phase diagram exhibits a chiral phase at large µ and/or T .
Here we will obtain an actual general proof of the existence of a chirally symmetric phase for the SU (N c ) gauge theory with N f flavors at strong coupling at chemical potential above a critical value. The basic approach adopted is as follows. Nonvanishing chemical potential and/or temperature introduce in the action an anisotropy between timelike and spacelike directions. This anisotropy grows with increasing µ, and T , and provides the basis for setting up a systematic expansion in which the spacelike part of the action is expanded in a fermion hopping expansion in the measure provide by the timelike part.
This type of expansion was first used in [12] to rigorously prove the restoration of chiral symmetry in lattice gauge theories at large T (and µ = 0) for all values of the gauge coupling. Here we exploit the anisotropy to set up an expansion in the presence of nonvanishing µ. For technical reasons [13] , however, the expansion has to be set up in a somewhat different way than in [12] . We only consider the strong coupling limit. (This restriction is actually related to the complex nature of fermion determinants.) The resulting expansion can be formulated as a polymer-type cluster expansion [14] , [15] . The standard convergence criteria for polymer expansions can then be applied. One thus finds that the expansion converges in the infinite volume limit in spatial dimension d ≥ 1 for chemical potential µ large enough. Within its region of convergence the expansion describes a chirally symmetric phase.
In this paper we are only concerned with establishing the convergence of the expansion and thus the existence of a chirally symmetric phase at large chemical potential. In fact, the actual bounds we obtain (section 2.3 below) on the convergence region are rather nonoptimal; they can be easily improved. We will not consider here the systematic evaluation of graphs in the expansion and/or resummation of classes of graphs, i.e. application of the expansion as a computational tool. It is interesting to note in this connection that quantitative results obtained by retaining a leading approximation in our expansion can be expected to be similar to those in [9] , [10] , [11] where only the leading terms in a 1/d expansion in the spatial directions [16] are retained.
The paper is organized as follows. In section 2, after some preliminaries, the expansion is set up and its diagram structure laid out. We then formulate it as a polymer expansion of the logarithm of the partition function and of expectations of observables (section 2.2). Its convergence is examined in section 2.3. The preservation of chiral symmetry within the expansion follows then as a standard consequence of convergence of a cluster expansion (section 3). Some discussion and outlook for further work are given in section 4. The derivation of some explicit formulas used in the text is provided in the Appendix.
The cluster expansion

Preliminaries
The lattice Λ is a (d+1)-dimensional periodic hypercubic lattice of size L d s ×L. It is convenient to always take the lattice lengths in Euclidean time (L) and space (L s ) to be even. Λ may be taken anisotropic with timelike and spacelike lattice spacings a τ and a s , respectively. This is the standard way of allowing independent variations of couplings and the physical temperature which is defined as T = (La τ ) −1 . The spatial lattice obtained as a particular equal time slice of Λ will be denoted by Λ s .
We use standard lattice gauge theory notations and conventions. Lattice site coordinates will be denoted by x = (x λ ) = (x 0 , x) with λ = 0, 1, . . . , d, and x = (x j ), j = 1, . . . , d. We also often write x 0 = τ . Lattice unit vectors in the space and time directions will be denoted by and0, respectively. We generically denote lattice bonds by b, plaquettes by p, etc. Bonds will be specified more explicitly as b = (x, λ), or b s = (x, j) =< x, x + > if spacelike, and b τ = (x, 0) =< x, x +0 > if timelike. Correspondingly, the gauge field variables U b defined on each b ∈ Λ will, as usual, often be more explicitly specified by U j (x) and U 0 (x).
The gauge fields U b ∈ G c are elements of the gauge group (color) G c and taken to transform in the fundamental representation. Here G c = SU (N c ). Fermions are introduced by associating on each site 2ν generatorsψ α (x), ψ α (x), (α = 1, . . . , ν), of a Grassmann algebra. The fermions are taken to transform as N f copies (flavors) of the fundamental representation of the gauge group. In explicit enumerations we use a = 1, . . . , N c , i = 1, . . . , N f for color and flavors indices. We assume periodic boundary conditions for the gauge field and antiperiodic boundary conditions for the fermions.
We consider fermions in the presence of chemical potential µ/a τ . The lattice action for massless fermions is then given by:
For staggered fermions then one has ν = N c N f , and thus α = (a, i). Recall that N f staggered flavors correspond to 4N f continuum flavors. For naive fermions γ λ (x) = γ λ are elements of the Euclidean Dirac-Clifford algebra satisfying {γ λ , γ κ } = 2δ λκ 1 and are hermitian matrices. Naive fermions are of course unitarily equivalent to 2 (d+1)/2 copies of staggered fermions. We only consider staggered fermions in the following even though we often state formulas for
With N f flavors of staggered fermions the fermion action in (2.1) is invariant under a U (N f ) × U (N f ) global symmetry corresponding to independent rotations of fermions on even and odd sublattices [17] . Explicitly, for any element (u, v) ∈ U (N f ) × U (N f ), they are given by ψ(x) → uψ(x) andψ(x) →ψ(x)v † for even sites and ψ(x) → vψ(x) andψ(x) →ψ(x)u † for odd sites. This symmetry is referred to as chiral symmetry.
It is the presence of this chiral symmetry that dictates the use of staggered (naive) fermions here. The cluster expansion with staggered fermions employed in the following can be set up equally well for Wilson fermions. The latter, however, explicitly break the chiral symmetry (to be recovered only in the continuum). Convergence of the expansion with Wilson fermions at finite lattice spacing then does not allow one to directly conclude anything away from the continuum limit. Domain wall fermions would certainly be an interesting alternative, but, due to the more complicated, non-local nature of their action, will not be considered in this paper [18] .
We work in the strong coupling limit, i..e. at inverse gauge coupling β = 0, so a gauge field plaquette action term is absent. The full measure is then given by
where, as usual, dU b denotes normalized Haar measure on the group G c , and
is the standard measure on a Grassmann algebra. The partition function Z Λ is defined by dµ Λ = 1. The measure (2.3) is invariant under the global chiral symmetry (as well as, of course, under the local G c gauge symmetry).
Expectations of general fermionic observables O are then given by
We are interested, in particular, in the possible formation of condensates of products of local fermion operators such as the chiral order parameterψ(x)ψ(x) and various diquark or multi-
where O (the support of O) is a finite set of sites, and Γ x is some (unitary) matrix.
The expansion
The presence of a nonvanishing chemical potential in (2.1) introduces an anisotropy between the spacelike and timelike directions which can be exploited, in a manner analogous to that of the case of large T [12] , to set up a convergent expansion for large µ. For this purpose we rewrite (2.1) more concisely in the form
where the matrices M (s) and M (t) have nonvanishing elements only between nearest-neighbor sites, i.e., on bonds, given by
for spacelike neighbors, and
for timelike neighbors.
To set up our expansion we rewrite the measure (2.3) as follows. For each spacelike bond b s =< x, x + > and each α let
For each site x in a fixed time slice Λ s define the measure
with ψ(L+1, x) ≡ −ψ(1, x),ψ(L+1, x) ≡ −ψ(1, x) due to the antiperiodic fermion boundary conditions. The factor z, defined by dµ x = 1, is then a partition function along a 1-dimensional timelike fermion chain given by
xy (U 0 ) to the submatrix of timelike bonds at fixed x.
Using (2.10) and (2.11) the full measure (2.3) can now be expressed in the form
The timelike part of the measure (2.14) factorizes in a product with each factor representing the fermionic degrees of freedom coupled in a 1-dimensional timelike chain at fixed spatial coordinates x. It is very convenient then to adopt the gauge, frequently referred to as Polyakov gauge, where the bond variables U 0 (τ, x) are independent of τ and diagonal:
This is always possible by gauge transformations setting the U 0 's at fixed spatial coordinates x equal and rotating into the Cartan subgroup [19] , [20] . After a time Fourier transform the timelike action (2.12) becomes
19) and, hence, the timelike propagator (covariance) in the background of the gauge field (2.17) is given by
In (2.19) and (2.20) the summation is over momenta in the Brillouin zone (BZ):
(integer m). Evaluation of (2.20) (Appendix A) gives
and
For µ < 0 (i.e., nonvanishing antiquark chemical potential) replace µ, θ a (x) by |µ|, −θ a (x), and reverse the sign condition on (τ − τ ′ ) in (2.23)-(2.24).
Note that C(τ, Θ(x)) vanishes for even τ . This is a consequence of the chiral invariance of the action. The other salient property of C(τ, Θ(x)) is its exponential decay for nonvanishing µ. This decay is in fact the crucial property needed for the convergence of the expansion below. It is worth pointing out that it can be extracted rather simply from (2.20), without its actual evaluation, as follows. Consider the quantitỹ
obtained by replacing the Brillouin zone in (2.20) with the interval [−π, π], i.e., its infinite L (zero temperature) limit. Now, C(k, Θ(x)) is analytic in k for |Im k| < |µ| and bounded uniformly in Re k ∈ [−π, π]. The periodicity of the integrand then allows one to "lift" the contour of integration in (2.25) (a standard trick) from the real axis to, say, Im k = 1 2 |µ| or − 1 2 |µ|, which immediately establishes the exponential fall-off of (2.25) and the bound
in all cases. The exponential decay of C(τ, Θ(x)) then follows from the relation (see (A.11)):
Explicit evaluation, i.e., eqs. (2.23), (2.24), results in a better bound, but, if all one is interested in is demonstrating convergence at sufficiently large µ, the bound (2.26) is sufficient.
We also note (cf. Appendix A) that evaluation of (2.25) and use of (2.27) allows an alternative, simpler derivation of (2.23)-(2.24) than the direct evaluation of (2.20).
We also need the quantity DetM (t)
x (U 0 ) resulting from integration of the fermions along the timelike chain at fixed spatial coordinates x in (2.12). Its straightforward evaluation in the gauge (2.17) (Appendix A) gives:
Note that in the case of N c = 2 one has θ 1 = −θ 2 ≡ θ and (2.28) becomes
which is indeed real and non-negative.
Our expansion is generated by expanding the products over spacelike bonds in (2.14) around the measure provided by the timelike part in (2.14). In other words, we will perform a hopping expansion in the spacelike directions with the spacelike hops connected in the timelike directions by the propagators (2.23)-(2.24). In the following we set a τ /a s = 1 for convenience.
Expanding first the products over the spacelike bonds gives
The sum is over all subsets B of the set of 2ν copies of the set of space-like bonds in Λ. Each such B may be decomposed into a number of connected components where connectivity is defined as follows: two elements of a set B are connected if they may be joined by a sequence of time-like bonds. Corresponding to this decomposition of each set B, and after carrying out fermion and gauge field integrations, each term in (2.30) decomposes into a product or a sum of products [21] of factors, each factor being the value of a connected diagram.
A connected diagram γ consists of a number of space-like bonds connected by 1-dimensional chains of time-like bonds. It is important that the number of f l,α b residing on each spacelike bond b s in a given diagram must result in an equal mod N c number of U bs and U † bs 's on b s in order to obtain a nonvanishing result upon performing the U bs integrations. This is, of course, a characteristic feature of any fermion hopping expansion at strong coupling (absence of plaquette term). Examples are shown in Fig. 1 .
Each such connected diagram γ will be termed a polymer. The value of the diagram ζ(γ) is the activity of the polymer γ: Here {x ∈ γ} denotes the set of spatial sites obtained by projecting γ onto a spacelike slice Λ s (cf. Fig. 2 ). In (2.32) (τ i τ j ) denotes pairs of points along a timelike bond chain at x connected by propagators, and I γ is a N c , N f -dependent constant resulting from the fermion and U bs integrations in (2.31). The expansion (2.30) then becomes:
where D k denotes the set of all sets (γ 1 , γ 2 , . . . , γ k ) of k disjoint polymers. In (2.33) we conveniently sum over all ordered sequences of polymers and, correspondingly, divide by k!.
The log ofZ Λ is now obtained through an application of the moment-cumulant formalism of statistical mechanics. Let X = (γ 1 , . . . , γ k ) be a set of k polymers (not necessary distinct); we will refer to such as set as a k-polymer (k-cluster). To each such X associate a k-vertex graph G [22] as follows. Each vertex represents one γ i ∈ X, and two vertices representing γ i and γ j are connected by a line if they intersect (when identified with subsets of the lattice Λ as described above). An example is shown in Fig. 3(a) . A polymer occurring with multiplicity m, (1 ≤ m ≤ k), in X contributes m vertices pairwise connected with lines (intersects itself). Thus the set D k of all disjoint k-polymers in (2.33) is the set of all X whose associated graphs consist of k disconnected vertices (no lines). The set of all connected k-polymers, i.e. those X such that no γ i ∈ X does not intersect at least one other γ j ∈ X, will be denoted by C k . Thus the set C k consists of all those clusters X whose associated graphs are path-connected k-vertex graphs. E.g., the cluster in Fig. 3(a) belongs to C 3 . Then one has ( [14] , [15] ) where the index q(X) of the connected cluster X is given by
In (2.35) the sum is over the graph and all connected subgraphs G c on X, and l(G c ) denotes the number of lines in G c . Thus, e.g., the cluster in Fig. 3 has index q(X) = −1 + 3 × 1 = 2. 
Expectations (2.4) are correspondingly given by
O = ∞ k=1 1 k! X∈ C k [O| q(X) γ∈X ζ(γ) .(2.O = Z Λ [O] Z Λ = d dλ lnZ Λ [(1 + λO)]   λ=0 ,(2.
Convergence
Having formulated our expansion as a polymer expansion for the logarithm of the partition function (2.34) or for observable expectations (2.36) one may proceed to examine its convergence by a straightforward application of known results [14] , [15] concerning the convergence of such expansions. As it is well-known, for translation invariant systems, the following convergence criterion holds [23] : polymer expansions (2.34) and (2.36) converge absolutely and uniformly if Q ≡ sup
In (2.39) the sum is over all polymers γ holding fixed a site x ∈ γ.
From (2.23)-(2.24) the propagator color-flavor matrix elements are bounded by
with |τ −τ ′ | taken as the "periodic" (shortest) distance between the two points in the timelike direction on the lattice torus. From (2.28) one has bs are bounded by unity in color space. There are at most ν choices for connecting aψ or ψ at a site (x, τ ) on the boundary of one bond to a ψ orψ at a boundary site (x, τ ′ ) of another bond in the set via a propagator C(τ − τ ′ ). There are |γ| propagators in the diagram. (Each propagator connects two bonds but each bond has two boundary sites; also, note that only sites separated by an odd number of bonds in the timelike direction can be so connected.) From (2.31)-(2.32), (2.13) and (2.40), (2.41) then one has
To next sum over all such polymers made of |γ| spacelike bonds and attached to a fixed site we sum over all possible timelike separations between the bonds and over all possible configurations of the bonds. Now
whereas the number of possible spacelike bond configurations is easily seen to be bounded by (2d) 2|γ| . Combining with (2.42) and noting that |x| ≤ |γ|/2 one finally has
The convergence condition Q < 1 then gives 2eK < (e µ − 1). We have thus arrived at the following result. For any spatial dimension d ≥ 1 the polymer expansions (2.34) and (2.36) converge absolutely and uniformly in |Λ s | if
In particular, one has: T µ Figure 4 : Striped region of convergence (chiral symmetry) given by (2.47) in text. The complete chirally symmetric region is expected to include the shaded area connecting to the region of low µ at high T .
It should be noted that (2.45) is a substantial overestimate since it was arrived at by ignoring, for the most part, the spacelike bond multiplicity constraints as well as all factors of inverse powers of N c resulting from the spacelike gauge field integrations and the restrictions to odd timelike separations. The bound improvements from taking these into account, however, do not change the qualitative picture represented by Fig. 4 . More importantly, one may expect that the high µ convergence region connects to the high T convergence region [12] (through the shaded area in Fig. 4 ). To establish this one first needs to reintroduce arbitrary (a t /a s ) in the spacelike action. This ratio was conveniently set equal to one above but it provides crucial convergence factors at large T and small µ. After this trivial step, one needs to bound the gauge field Θ dependence (at small µ) less crudely than in (2.40) and (2.41).
Chiral symmetry
An immediate consequence of the convergence of the cluster expansion (2.36) is the existence of chiral symmetry within the region of its convergence.
Indeed, the expectation of any local chirally non-invariant fermion operator O(x), such as, e.g.,ψ(x)ψ(x), vanishes identically term by term in the expansion (2.36) by the chiral invariance of the measure dµ x . Correlation functions O(x)O(y) then receive vanishing contributions from any polymers consisting of two disjoint clusters connected to sites x and y, respectively. Nonvanishing contributions arise only from polymers intersecting both sites x and y. Now, the total number n T of timelike bonds in propagators in any minimal such polymer is easily seen to be bounded from below by the minimal distance between the two sites. Also, there are |γ| propagators in a polymer γ, and |γ| ≤ n T since each propagator is at least one timelike bond long. From (2.42) then the activity of such a minimal polymer is bounded from above by
where we used the convergence condition 2eK < (e µ − 1) from above. From this it follows that within the convergence radius of the expansion 2-point correlations are absolutely and uniformly bounded at any temperature from above by
where |x − y| is the minimum number of bonds connecting the two sites, i.e.,
In the same manner, all higher correlation functions of any chirally non-invariant fermion operators (2.5) exhibit exponential clustering for large separations, i.e., there is no spontaneous breaking of the global chiral symmetry.
We have thus shown the existence of a chirally symmetric phase at sufficiently large chemical potential µ (and any temperature T ). Chiral symmetry in SU (N c ) gauge theories at vanishing µ and T is of course spontaneously broken. This breaking, studied in a vast literature over several decades, was established analytically in lattice gauge theories at strong coupling by hopping expansion, large N c , and other techniques, long ago [24] . Our result then implies the existence of a chiral symmetry restoring phase transition at some critical µ, as indeed seen in the studies cited in section 1.
An interesting issue in this connection concerns the dependence on the number of fermion flavors. Recently, it was found that, contrary to previous belief, even in the strong coupling limit at vanishing T and µ, chiral symmetry is restored if the number of flavors becomes large enough (for fixed N c ). This surprising result was established by numerical simulations for SU (3) gauge group [25] , and, more generally, for SU (N c ) by resummations of fermion hopping expansions [26] . Now, in our estimates (2.45), (2.47) for µ such that chiral symmetry is present the flavor dependence is contained in ν. These estimates increase with ν. This is simply because, in proving absolute convergence for large µ, they were obtained by bounding the absolute value of each term in the expansion from above. This completely obscures the mechanism of chiral restoration at large N f which relies on cancelations between classes of diagrams as N f is varied (at fixed N c ): subdominant graphs at small N f become dominant at large N f with such signs as to destroy the condensate formed by the graphs dominant at small N f [26] . Having established absolute convergence at large µ as above, it may be possible to group and resum terms in our expansion so as to exhibit such cancellations along the lines in [26] . This would, however, require rather more elaborate estimates (including the inverse powers in N c mentioned in the last paragraph of the previous section) than the straightforward graph by graph bounds above, and will not be pursued here. If carried out, however, one would expect a result qualitatively as in Fig. 4 with N f , instead of T , labeling the vertical axis.
Conclusion
We have shown that for sufficiently large quark chemical potential strongly coupled SU (N c ) lattice gauge theories with N f massless staggered fermions and at any temperature are in a chirally symmetric phase. This agrees with and generalizes previous results obtained by numerical or mean field techniques in particular cases as reviewed in section 1.
There are several directions in which this work may be further pursued. The lower bounds on the magnitude of the critical chemical potential given in section 2.3 are very non-optimal and can be improved as outlined. As also mentioned there, it should be possible to extend the region of convergence in the µ − T plane to high T and small µ, thus connecting with the high T proof in [12] . This would require doing a better job of bounding timelike gauge field integrations at small µ, and would appear quite feasible, especially in particular cases such as N c = 2, 3.
Such improvements may be viewed within the general framework of employing the expansion as a computation tool. In this paper we were mostly concerned with establishing the convergence of the expansion rather than its computational use. Explicit computation of graphs involves integration over the gauge fields on spacelike bonds in the hopping expansion and integration over the timelike gauge field dependence in the propagators. The former, familiar from ordinary hopping and strong coupling expansions on the lattice, can be carried out systematically to quite high order. The latter will in general require numerical evaluation. Truncating the series to leading approximation will give, as already mentioned, results quite close to those in [9] - [11] . The expansion then provides systematic corrections to such leading approximations. As in the case of ordinary hopping expansions, one might hope that resummation of (infinite) classes of diagrams may also allow extension beyond the radius of convergence of the original series, and/or improved mean field or other approximations in a wider regime. The effects of increasing number of flavors, discussed at the end of the previous section, may also be exhibited by such resummations.
A physically interesting and obvious question is whether the present treatment can be extended from the strong coupling limit to the finite gauge coupling region. For small enough inverse gauge coupling β this is perfectly feasible by extending the large µ expansion above to incorporate the well-known and well-studied small β cluster expansion (e.g., [27] ). The expansion of the exponential of the plaquette gauge action contributes correction terms proportional to powers of β that "embellish" the graphs in our expansion by the familiar plaquette corrections to a fermion hopping expansion -the spacelike bond integrations being as before and, in the present finite µ application, the remaining timelike bond integrations in the measure provided by the timelike propagators. The straightforward inclusion of the plaquette corrections [27] to our previous graph counting and bounds gives then convergence for sufficiently large µ and small β. For general, and in particular large β values, however, where no convergent expansion techniques in the plaquette interactions are available, extension of the present results appears problematical. This is certainly true in the case of odd number of colors N c . For even N c , however, and in particular for N c = 2, the real positive nature of the fermionic determinants (cf. (2.29)) may allow one to "repackage" the above expansion making use of this positivity to extend into the finite coupling region at large µ. We hope to explore this elsewhere.
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A Appendix: Derivation of some formulas in the main text
In this Appendix we derive the explicit expressions (2.23), (2.24), (2.27) and (2.28). In the following we set γ 0 = 1 in (2.21) for staggered fermions. We always take even L.
Given a meromorphic function g(z) which is analytic on |z| = 1, summation over the Brillouin zone (2.22) can be performed by using the easily verified representation
(both contours taken counterclockwise). Now if the integrand tends to zero as |z| −2 or faster as |z| → ∞ one may deform the outer contour to infinite radius taking into account any poles of g(z)/z encountered in this deformation. The integral over the inner contour may be performed by residues of its enclosed poles.
We use (A.1) to evaluate the propagator (2.20) -(2.21), which, written out separately for τ > 0 and τ < 0, has the form
For τ > 0 and µ > 0 one then obtains
. (A.3)
Now, since |τ | < L, the integrand is sufficiently convergent for the outer contour to be deformed to infinite radius where it gives zero contribution. No poles are encountered in this deformation, the integrand having poles at z ± = ±e −iθa(x)/L e −µ inside the inner contour. Evaluation of the inner integral by residues gives then (2.23). The inner contour integral now encloses no singularities and gives zero contribution. The outer contour can again be deformed to infinite radius, now, however, encountering the integrand singularities at z ± = ±e iθa(x)/L e µ . Evaluating their contribution results into (2.24). The two cases are reversed for µ < 0 (antiquark chemical potential).
An alternative method of summation over the Brillouin zone is by use of the Fourier series representation of Integrating out the fermions in (2.11), i.e., along a one-dimensional timelike chain at fixed x with action (2.19) gives
Using the identity 
